Differentiation exercise — show differential equation
2
If y=xsin2x , prove that x%—zdy +4xy—0

. d :
y=xsm2x=>d—i’=sm2x+2xc052x

2
% = 2cos 2x + (2 cos 2x — 4x sin 2x)

&y _

=) 2 + +4xy

2x sin 2X
= (2x cos 2x + 2x cos 2x — 4x? sin 2x) — (2sin 2x + 4x cos 2x) + ———

2
Given that y = e* —e™ , show that (%) —y2—-4=0

dy
dx

y=eX—eX*=>==¢e"4+e7*
dx

2
Given that v =+/sinu ,showthat 4v3 % +vi+1=0

dv cos u

du 2+vsin u

d’v _ 1 Vsin u(-sinu)-cos u2~/—sm u _ 1-2sin®u-cos®u sin? u+1 vi+l
du2 2 sin u 4 sin uvsin u 4 sin uvsin u 4v3

2
.'.4v3%+v4+1=0

Given y = e *cosx ,show that 3 >+ 2 + 2y = 0.

Method 1

y = e *cosx

d X o -
d—i':—e ¥sinx —e ¥ cosx
d%y —X i -X —X i -X —X i
oz = (e7¥sinx—e™cosx ) + (e7*sinx + e7*cosx ) = 2e7*sinx
dzy dy —X s X —x _x
~ 2t 25+ 2y =(2e7¥sinx) — 2(e™sinx + e cosx ) + 2e ¥ cosx =0

2
(dY) _ y2 —4 = (ex + e—X)Z _ (ex _ e—X)Z —4 = (eZX +2 4+ e—ZX) _ (eZX

+ 4x%sin2x =0

—2+e ) -4

=0



Method 2

y =e*cosx = Iny = —x + In(cosx)

1dy 11— sinx
ydx_ cosx
d

d_z =-—-y—ytanx

dy _ _
. t2y= y(1 —tanx)

N Ly oy vy o
Differentiate, we get: ——+2—=— (1 —tanx) —y sec” x
= (-y—ytanx)(1 —tanx) —y (1 + tan? x)
=—2y
Ly o dy _
oz t23 t2y=0
Method 3
y=e*cosx =ye*=cosx ..(1)
ﬂ X X _ o}
& Tye* = —sinx

(dz e* + )+(%ex+yex)=—cosx

dx?

d?y

012e + 2 ye +ye* = —ye* , by (1)

N L
428 +2y=0

. sinkx . e . d?
Given that y = ,where k is a positive integer, show that sinkx — = k2y2.
1+cos kx dx?2
Method 1
dy _ (1+coskx)(kcoskx)—sinkx(—ksinkx) _ kcoskx+kcos?kx+ksin?kx _ kcoskx+k _ k(1+coskx) k
dx (1+coskx)? o (1+coskx)? " (1+coskx)?2  1+coskx  1+coskx
. dy sin kx
sinkx ==k =k
dx 1+coskx y
. d?y dy dy
inkx — + kcoskx— = k—=
S dx?2 + keos dx dx
. d?y dy dy (1-coskx)(1+cos kx) dy sin®kx dy] sinkx
sinkx — = k—(1 — coskx) = —_— k[smkx
dx? ( ) (1+coskx) dx (1+coskx) dx] 1+coskx

k[kyly = k*y?



Method 2

. sin kx . e . d?
Given that y = ,where k isa positive integer, show that sin kx = k2y2.
1+coskx dx?
sinkx 1—-coskx
Note that: y = 1+coskx  sinkx
dy _ sinkx(ksinkx)—(1-coskx)(kcoskx) ksin? kx+k cos? kx—k cos kx __ k-kcoskx _ k 1-coskx _ Kky
dx sin? kx - sin? kx ~ sin?kx  sinkx sinkx  sinkx

. dy
smkxclX = ky

) d?y dy _, dy
sinkx —> + kcos kx—= = k—~

. d? d 1-cosk . d
sin kxd—xszl = k(1 — cos kx) d—z = k(ﬂ) (sm kxd—i) = k(y)(ky) = k?y?

sinkx

Y-y,

i - &y _
Given y(2-x) = 3,show that 3 2 2y ™

Method 1
: : dy o — dy_ vy
Differentiate, (2-x) =YV = 0 e
: : . a2y @oE-y1n  @-otey gy
Differentiate again, ~ — = o — ae?
&y _ W g 5oy 6y ' _ 6y _ylyexl_ ey _ 2yB] _
w2 YT P2 2x @2 zx @2 @2  (@x? @
Method 2
. . dy
Differentiate, (2-x) Y= 0
; ; - 4’y _ ﬂ] _dy_ &y ody
Differentiate again, [(2 - X) ool Bk 0 or (2-%) " 2 = 0

. d’y dy _
Multiply by y, y(2 - X)E — 2& =0
39 g8
Y dx? ydx_

2
Given y = (1 + 4x)e~?* , prove that <X + 4% +4y=0

dx2

Method 1

d _ _
& = e 2x _ gxe 2
dx

d2 _ _
S — 16xe72%X — 122X
dx2



2
SY+ 42 4 4y = (16xe™2 — 12e72) + 4(2e72 — Bxe ™) + 4(1 + 4x)

= (16xe™ 2 — 12e72%) + (8e™2X — 32xe™ %) + 4e™ X + 16xe X = 0
Method 2
ey = (1 + 4x)

ZXQ 2X

e dx+2ye =4

2X 2X ZXQ 2X —

(e d2 + 2e X)+(2e dx+4e y)—O
2x (y | 49y —
(dx2+4dx+4y)_0

d—y+4 +4y=0

2
Let y =+cosx ,show that 4y3% +y*+1=0.
=+/cosx = y? = cosx

Differentiate, Zy% = —sinx ..(1)

dydy _ _ — 2

. : . d?
Differentiate again, Zyd—X}; + 2 T

2
2y +2( ) = —y?
i 2 439 LA R
Multiply by 2y*, 4y T (Zy X) = =2y
2
By (1), 4y3%+ (—sinx)? = —2y*, 4y3% d — +1—cos?x = —2y*

d2
4y3d—x}2’+1—y = =2y

2
43 2yt +1=0

2 _
Given (1+x?)y? =1—x? ,show that (%) =1

1-x*
Method 1
A+x)y?=1-x2 ..(1)
2 _ 1-x2 o2 _ 1-x?2 _ 2x2 _ x2 2
y- = 1+x2’ l-y*=1 1+x2  1+x2’ 1 +y =1 + 1+X2 T 1+x2

1-y*=0-y>)A+y?) =

(1+x2)2

Differentiate (1), 2xy? + (1 + x?) [Zyg] = —2x



2 2 \?
dy _ —2x(1+y?) (Q)Z _ a2 () (1—yh (1+Xz) _ 1-y* _1-y*
dx 2y(1+x2) ’ dx (1+x2)2  4y2 y
14+x

Method 2
_ ¢] _1-x? dx _ 1 2
Let x= tan, cos 0 =T 1= 2(1 + x%)
2 _ 1-x% _ _
Vi Eoa T cosB, y=+/cos0
dy _ _ sin® (g)z __sin?® _ 1-cos?6 _  1-y*
d6 = 2Vcos®’ \do/ ~ 4cos®  4cos® 4 1—X2)
1+x2
1-y*
2 1—x2
P
dx (%)2 E(l+x2)]2 (1+x2)(1-x2)  1-x*
10. Form a differential equation from y = Ax3 + XEZ —6x, x>0 .
yx? = Ax®> + B — 6x°
Differentiate, X2 % + 2xy = 5Ax* — 18x2
Divide by x, x% + 2y =5Ax3 —18x ..(1)

i i &y  dy dyy _ 2 _
Differentiate (1), (X e dx) + (2 dx) = 15Ax~ — 18

d?y dy 2
Xzt 3—0lX = 15Ax“ — 18
. 5 d%y dy 3
Multipy by x, x T2 T3y = 15Ax° — 18x

2 4%y dy _ 3 _ a2 (xW
x? 2+ 3x L = 3(5A%® — 18x) + 36x = 3 (x T+ 2y) + 36x , by (1)

2

x2S _ 6xy = 36x

dx2
d?y
X3z~ 6y = 36
11. Form a differential equation from y = Ax3 + X% -6, x>0.

yx? = Ax® 4+ B — 6x°

Differentiate, X2 % + 2xy = 5Ax* — 12x

(%) T (1+x2)(1-x2)  1-x*



12.

13.

Divide by x, x% +2y=5Ax3-12 ..(1

: . d?y | dy ) _ 2
Differentiate (1), (x T dx) + (2 dx) = 15Ax

d?y dy _ 2
X2 +3 o 15Ax
. 2 dzy dy _ 3
Multipy by x, x =t 3x el 15Ax

2 d?y dy _ 3 _ — dy
x2S 4 3x Y = 3(5Ax° — 12) +36 = 3 (x 2 +2y) +36 , by (1)

d2

207y _

Xt = 6y = 36
3 d%y

X E—6xy=36x

ysin™13x = V1 —9x% ,showthat (1 - 9x2)% +3y2+9xy =0

ysin™13x = /1 — 9x2

d 3 —18x
e -1 y
sin” 3x—+ =
dx y\/1—9x2 2vV1-9x2
3 _ 9%y

d

s -1 y 2
sin” 3x—+ =
y dx y V1i-9x2  V1-9x2

2
Vi—oxz2yp X4 W

dx  V1-9x2 = V1-9x2

(1-9x*) T +3y2 +9xy = 0

Given that y = x"[A cos(Inx) + Bsin(Inx)] , where A and B are constants, show that

2
XZ%-F (1- 2n)x%+ (1+n?)y=0
y = x"[Acos(Inx) + Bsin(Inx)] ...(1)

dy n-1 . n A . B

o = X [A cos(Inx) + Bsin(Inx)] + x {— ;sm(ln X) +;COS(]1’1 X)}

Multiply by x, we have,

X% = nx"[A cos(Inx) + Bsin(Inx)] + x"{—Asin(Inx) + B cos(Inx)}
By (1),
x% = ny + x"{—Asin(Inx) + Bcos(Inx)} ...(2)

Differentiate again,



ﬂ ﬂ — ﬂ n-1¢__ . _on é E .
Xzt g, = ng X {—=Asin(Inx) + Bcos(Inx)} — x {X cos(Inx) + ” sin(In X)}
Multipy by x,

2

2 &y 2+ x = nxZ + nx"{—Asin(Inx) + B cos(Inx)} — x™{A cos(Inx) + B sin(In x)}
dx
d?y dy dy dy
X2@+X& = nx&+n[x&—ny] —vy ,by (1) and (2).

2 d%y _ dy 2V
de2+(1 Zn)xdx+(1+n)y—0

. 1 2 A2y dy
14. Given that y = sin™" x ,showthat (1 —x )E_X_ =0

dx

y=sin"!x = siny=x = cosy% =1 ..(1)

Differentiate (1), cosy((;1 (s iny )31 =0

| 2 &y (oo dy a) _

Multiply by cosy , cos \frre: (smydx) (cosydx)—O
_ 2 Y8y Ay gy

1= —xZ @) =0 ,by (1)

_ 2y dy
1 X)dx2 de_O

15. Let y = 5e(V3-2)x 4 3e=(V3+2)x show that 4 4 + y = 0.

Method 1
Let y =u+v,where u= 5e(\/§—2)X,V = 3o~ (V3+2)x

du _ V3-2)x d%u _ 2 (V3-2)x _ V3-2)x
&_s(ﬁ—z)e(?’ 2x, 2 =5(v3-2) (V32 = 5(7 — 4¢3)e(V3-2)

Hence, S5+45 +u=5(7—4v3)el3-2% 4 20(v3 — 2)e(V3-2)x 4 5e(3-2)x
= 5eW§—2)X[(7 —43)+4(V3-2)+1] =0

dv —(V3+2)x 4%v _ 2 _(V3+2)x _ —(V3+2)x
== —5(vV3+2)e (V3+2)x == 5(V3+2)e (V3+2)x = 5(7 + 4V3)e (V3+2)

2
Hence, d—Z +a¥ v = 5(7 + 4v3)e~(V3+2)x _ 20(/3 — 2)e~(V3+2)x 4 5= (V3+2)x
dx dx

=5e~(B+x[(7 + 4/3) —4(vV3+2) +1] = 0

d?(u+v)
dx?

d(u+v)

Py L
dXZ+4dx+y— + 4

+ (u +V)—((:Tl;+4%+u)+(%v+4d—z+v)=0



Method 2
y = 5e(V3-2)x  3e-(V3+2)x
ey = 5eV3% 4 3¢7V3x (1)

en% + 2e%y = 5v/3eV3% — 3/3e~V3x

d?y dy dy -
(eZXE + 2e2X &) + (Zezxa + 4e2Xy) = 15e¥3% 4 94/3e V3

2
e?x % + 4e%X % + 4e?*y = 3e*Xy , by (1)

d? d
2x 47y 2x 94y 2Xy —
e o t4e” —+ey=0

Method 3
Let a=+/3-2, B=—(\/§+2). at+ B=—-4 aBp=(-2)2-3=1

o B arerootsof u?+4u+1=0 ..(1)

> +4a+1=0
g2+ap+1=0 @

y = 5e(V3-2)x | 3e-(V3+2)x = geax 4 3¢Bx

Hence {

&y

Y _ 5ex 4 3Befx, =

dx

= Sa?e™ + 3B2ePx

2
H+4%+y= 5e(a? +4a+1) +3ePX(B2+ 4B +1) =0 , by (2).

dx2

Comment
2
(a) The general solution of the differential equation: % + 4% +y=0is

y = c;e(V32)x 4 ¢ e=(V3+2)x ¢ ¢ are integrating constants.

So y= 5e(V3-2)x 4 3e-(V3+2)x g4 special solution of the differential equation.

2
(b) It is interesting that solving % + 4 % + y = 0 isjust to find the roots of the auxiliary

equation u? +4u+ 1= 0,thatis a« =v3 -2, = —(v3+2) and then form the general

solution y = cle(\/g‘z)X +c, e~(V3+2)x Solving this kind of second order differential
equation becomes solving a quadratic equation. The story is longer since quadratic equation

may have equal roots or complex roots and is not discussed here.

(c) Showing differential equation is just learning how to dive in the sea of calculus and solving
differential equation is to get some pearls in the sea.
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